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Abstract. Let G be a finite abelian group. Let f : G → C be a signal (i.e. function). The
classical uncertainty principle asserts that the product of the size of the support of f and

its Fourier transform f̂ , supp(f) and supp(f̂) respectively, must satisfy the condition:

|supp(f)| · |supp(f̂)| ≥ |G|.
In the first part of this paper, we improve the uncertainty principle for signals with Fourier
transform supported on generic sets. This improvement is achieved by employing the restric-
tion theory, including Bourgain celebrate result on Λq-sets, and the the Salem set mechanism
from harmonic analysis. Then we investigate some applications of uncertainty principles that
were developed in the first part of this paper, to the problem of unique recovery of finite
sparse signals in the absence of some frequencies.

Donoho and Stark ([11]) showed that a signal of length N can be recovered exactly, even if
some of the frequencies are unobserved, provided that the product of the size of the number
of non-zero entries of the signal and the number of missing frequencies is not too large,
leveraging the classical uncertainty principle for vectors. Our results broaden the scope for
a natural class of signals in higher-dimensional spaces. In the case when the signal is binary,
we provide a very simple exact recovery mechanism through the DRA algorithm.
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1. Introduction

The purpose of this paper is to examine some basic questions in the realm of signal recovery
from incomplete data in signal processing, from the point of view of Fourier uncertainty
principles obtained using the restriction theory for the Fourier transform. The questions are
motivated by the seminal paper by Donoho and Stark ([11]) where the uncertainty principle
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was used in a fundamental way to affect the exact recovery of a sequence encoded in terms
of its Discrete Fourier Transform (DFT).

The main thrust of this work is to investigate how classical restriction theory which has
played such an important role in modern harmonic analysis comes into play in exact signal
recovery via suitable uncertainty principle estimates. We also develop conditions under which
exact signal recovery can be accomplished very simply and efficiently. Finally, we develop a
simple procedure that allows us to both discretize a signal and perform an efficient recovery
procedure.

This article is organized as follows. In Section 2.1 we describe the Donoho-Stark approach
to exact signal recovery via the classical uncertainty principle. Section 3 is dedicated to
the exposition of a variety of uncertainty principles, using restriction theory, Bourgain’s
Λq theorem, randomness, and decay properties of the Fourier transform. The interaction
between the parameters associated with these quantities is discussed as well. In Section
4, we describe the application of the uncertainty principles in Section 3 to exact signal
recovery. We also describe how these ideas combine with an elementary approach to exact
signal recovery we call DRA (see Definition 4.4 below), the direct rounding algorithm. In
Section 5, we discuss the exact recovery problem in a general setting, with a particular focus
on the celebrated Euclidean restriction conjecture. Finally, the remaining proofs are given
in Section 6.

1.1. Acknowledgements. The authors wish to thank Mark Rudelson, Terry Tao, and Ro-
man Vershynin for helpful remarks on the initial arXiv version of this paper. In particular,
they wish to thank Terry Tao for pointing out Meshulam’s paper on the generalization of
Tao’s uncertainty principle for prime fields.

2. Preliminaries

2.1. Donoho-Stark’s uncertainty principle. In order to introduce our viewpoint, we
need to establish some notation regarding the discrete Fourier transform on finite abelian
groups. For clarity, we narrow our attention to the finite groups over cyclic groups, i.e.,
G = Zd

N , where ZN = Z/NZ is the cyclic group (mod) N . For a given signal (i.e. function)

f : Zd
N → C, we denote by f̂ the Fourier transform of f , which is a function f̂ : Zd

N → C
defined by

f̂(m) = N−d
∑
x∈Zd

N

χ(−x ·m)f(x),

where χ is a character function defined by χ(t) = e
2πit
N , t ∈ ZN . Here m is the element of

the dual group Ẑd
N , that is identified with Zd

N itself, and x · y is the dot product in Zd
N . The

Fourier inversion formula is given by

f(x) =
∑

m∈Zd
N

χ(x ·m)f̂(m).(2.1)

The Plancherel identify is given by∑
x∈Zd

N

|f(x)|2 = Nd
∑

m∈Zd
N

|f̂(m)|2(2.2)
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Figure 1. (left) A sparse 7× 7 array of 1’s and 0’s in Z2
7, and (right) the array of its discrete Fourier

transform on Z2
7 shaded according to the magnitude of the Fourier coefficients.

(For a description of the fundamentals of Fourier analysis on finite and infinite abelian groups,
see e.g. [2, 31, 42].)

The classical discrete-time uncertainty principle for finite abelian groups is well-known.
See, for example, [11, 38]. We shall outline the proof below (Proposition 3.1). For a sharper
uncertainty principle result for ZN , N a prime, see Tao’s result [41].

The principle for the group G = Zd
N asserts that f : Zd

N → C is a non-zero function with

support supp(f) and f̂ : Zd
N → C denotes the Fourier transform with support supp(f̂), then

(2.3) |supp(f)| · |supp(f̂)| ≥ Nd.

This bounds the time-bandwidth product from below. This principle can be expressed in
1-dimensional case ZN as follows: Let (xi)

N−1
i=1 be a finite vector, and let the corresponding

discrete Fourier transform (x̂w)
N−1
w=1 obtained through the DFT. If the original sequence has

Nt non-zero entries and the transformed sequence has Nξ non-zero entries, then

(2.4) Nt ·Nξ ≥ N.

(For the proof, see Proposition 3.1.)
Another way to understand this inequality is that it implies the absence of any signal with

a support size of
√
N/2 whose Fourier transform is non-zero only on a smaller region than√

N/2 in size.
Using the uncertainty principle (2.4) in one dimension, Donoho and Stark established the

following result for the recovery of finite one-dimensional signals in the presence of no noise.

Theorem 2.1 ([11]). Let f : ZN → C be a finite signal of length N in ZN with Nt non-zero

entries. Suppose that the set of unobserved frequencies {f̂(m)}m∈ZN
is of size Nw. Then the

signal f can be ‘recovered uniquely’ from the observed frequencies if

Nt ·Nw <
N

2
.(2.5)

The result states that for successful unique recovery, the signal must exhibit some degree
of sparsity, and a limited number of frequencies can be absent.

The recovery problem falls within the realm of inverse problems, and it has wide-ranging
applications in computer vision, cryptography, data analysis, digital logic circuits, and many
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other areas of computer science, data science, mathematics, and engineering. See, for exam-
ple, [1, 3, 7, 8, 32, 33, 39, 36, 15, 6, 25] and the references contained therein.

2.1.1. From uncertainty principle to exact recovery. Donoho and Stark used an optimization
and ℓ2-minimization technique to recover the spare signal in the presence of missing fre-
quencies, while they used the uncertainty principle to prove the uniqueness of the recovery.
The proof of the uniqueness goes as follows: Let f ̸= 0 with support E = supp(f), and let

S ⊂ ZN be the set where the corresponding frequencies f̂(m), m ∈ S, are absent. Assume

that r and g are two signals recovering f with r̂(m) = f̂(m) = ĝ(m) for all m ̸∈ S. Then

(r̂ − ĝ)(m) = 0 for all m ̸∈ S. Define h = r − g. Thus, supp(ĥ) ⊂ S. On the other side, we
have supp(r) = supp(g) = supp(f). This implies that h is supported on a set of size at most

2|E|, while ĥ is supported on S. By the uncertainty principle (2.4), no such h can exist if
(2.5) holds, and the proof of the uniqueness is complete. The proof of uniqueness remains
identical in higher dimensions.

Traditional approaches to establishing the uncertainty principle involve advanced tech-
niques like Weyl’s inequality or the use of prolate spheroidal wave functions. (For infor-
mation on prolate spheroidal wave functions, see e.g. [37, 23].) These methods delve into
complex concepts such as eigenfunctions of the Fourier transform (as demonstrated by Weyl
in [44]) and eigenfunctions of compact operators, as introduced by Landau and Pollak in
[26]. In the discrete setting, however, a much simpler approach can be employed, and this
point of view is going to lead us to an improved version of the discrete-time uncertainty
principle under some natural conditions.

For the remainder of the paper, we will omit mentioning discrete-time and simply refer to
the uncertainty principle, provided it is clear from the context.

Remark 2.2. Several variants of the Donoho-Stark uncertainty principle have been explored in
the literature, connecting to classical topics in mathematics. For instance, Tao’s uncertainty
principle [41] is a fundamental result with application in signal recovery and compressive
sensing. Dyatlov’s fractal uncertainty principle [10], on the other hand, is applied in ergodic
theory and quantum chaos.

In this paper, we focus only on exploring the signal recovery problem in relation to the
classical uncertainty principle of Donoho and Stark. However, we recognize the need to also
explore recovery using different quantitative variants of the uncertainty principle.

3. Sharper uncertainty principles in Zd
N

3.1. Via the restriction theory. The goal of this section is to prove that the uncertainty
principle can further refined using restriction theory. This result is stated in Theorem 3.6.
For the sake of self-containment, we shall illustrate how the uncertainty principle in finite
settings can be derived through the inverse Fourier transform.

Proposition 3.1. Let f : Zd
N → C. Supposed that f is supported in E ⊂ Zd

N and f̂ is
supported in Σ ⊂ Zd

N . Then

(3.1) |E| · |Σ| ≥ Nd,

To prove this, note that by the Fourier Inversion Formula (2.1), we have

f(z) =
∑
m∈Σ

χ(z ·m)f̂(m), ∀z ∈ E.
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By applying the Cauchy-Schwarz inequality, we can derive the following: For any z ∈ Zd
N

|f(z)|2 ≤ |Σ| ·
∑
m∈Σ

|f̂(m)|
2
= |Σ| ·

∑
m∈Zd

N

|f̂(m)|
2

= |Σ| ·N−d ·
∑
x∈Zd

N

|f(x)|2(3.2)

= |Σ| ·N−d ·
∑
x∈E

|f(x)|2,(3.3)

where in (3.2) we used the Plancherel identity (2.2), and in (3.3) we used the fact that f
is supported in E. Summing both sides over z ∈ E and dividing both sides by

∑
x∈E |f(x)|2,

we obtain (3.1), which recovers (2.4) in the case d = 1, and (2.3) in higher dimensions.

For a set A, we abuse notation by also denoting A as an indicator function, where A(x)
equals 1 if x belongs to A, and 0 otherwise.

Remark 3.2. It is important to note that the bound (3.1) is essentially sharp. For example,
suppose that N is an integer, and E is a k-dimensional subspace of Zd

N . Then by a direct

calculation, Ê(m) = N−(d−k)E⊥(m), where E⊥ is the orthogonal subspace to the space E,

i.e., e
2πit·n

N = 1 for all t ∈ E and n ∈ E⊥. When m = 0⃗, this implies that |E| · |E⊥| = Nd.
This indicates that if the frequencies in E⊥ are missing or unobserved, it hinders the recovery
of the original information. However, such examples are very rare. In fact, one can show
that these are the only examples where the equality in (3.1) holds.

Remark 3.3. It is interesting to note that if N is prime, the problem takes on a variety of
interesting additional features. For example, if d = 1, the classical uncertainty principle can
be replaced by a stronger version proved by Tao ([41]). If N = 2, it is known ([24], [16])

that if E ⊂ Z2
N and Ê(m) = 0 for some m ∈ Z2

N , then E has the same number of points on
all lines perpendicular to m. This suggests a potentially interesting link between the exact
recovery questions and tiling problems in vector spaces over finite fields. See, for example,
[13], [14], and the references contained therein.

The key point we are going to exploit is that if Σ, the support of f̂ , is a typical set, then
instead of using the support-driven identity

(3.4)
∑
m∈Σ

|f̂(m)|
2
=
∑

m∈Zd
N

|f̂(m)|
2

used in (3.2) above in the derivation of (3.1), followed by estimating the L2 norm of f over
its support, we can bound the left-hand side of (3.4) by a suitably scaled Lp-norm of f for
some p < 2, resulting in a generally better uncertainty principle. This may seem counter-

intuitive since (3.4) is an identity owing to the support assumption on f̂ . The gain comes
from comparing Lp norms, which leads to a lesser strain on the support of the signal f . To
execute this idea, we bring in the following notion from classical restriction theory.

Definition 3.4. Let S ⊂ Zd
N . We say that a (p, q)-restriction estimation (1 ≤ p ≤ q ≤ ∞)

holds for S if there exists a uniform constant Cp,q (independent of N and S) such that for
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any function f : Zd
N → C

(3.5)

(
1

|S|
∑
m∈S

|f̂(m)|
q

) 1
q

≤ Cp,qN
−d

∑
x∈Zd

N

|f(x)|p
 1

p

.

When p or q is infinity, we replace the norm by the supremum norm

∥f̂∥∞ = max{|f̂(m)|}m∈S.

The definition indicates that when N is large, the frequency concentration of f on the
set S is relatively low. This characteristic proves to be quite advantageous when it comes
to signal recovery, especially in scenarios where frequencies outside of S are missing. See
Corollary 4.1 below. The case q = ∞ immediately points to the relationship between the
decay properties of the Fourier transform of S and the restriction phenomenon. We shall
explore this phenomenon in more detail in Subsection 3.3.

Remark 3.5. Let us assume that S is a (2, 2)-restriction set, for which the inequality (3.5).
Then for any f ∈ L2(Zd

N), one has

(3.6)
∑
m∈S

|f̂(m)|
2
≤ C2

2,2|S|N−2d
∑
x∈Zd

N

|f(x)|2.

Let BS denote the frequency “cut-off” operator defined by B̂Sf := χS f̂ . The preceding
inequality indicates that

∥BSf∥2 ≤ C2
2,2|S|N−d∥f∥2.(3.7)

Notice that BS is a projection operator and it has maximum operator norm 1. The
inequality above is sharp if C2

2,2|S|N−d < 1. Solving this for |S|, we obtain

|S| < CNd.

Let Σ ⊂ Zd
N be a non-trivial subset. Let PΣ denote the spatio “cut-off” operator defined by

PΣ(f) = χΣf . The associated SSLO operator (matrix) with respect to the cut-off operators
PF and BS is defined as TS,F = PFBSPF (refer to, e.g., [23] and the references therein). It is
know that the eigenvalues of the matrix TS,F constitute a non-increasing sequence of positive
numbers upper bounded by 1:

1 > λ1 ≥ · · ·λk > 0,

and the largest eigenvalues λ1 is given by

λ1 = max

{∥BSf∥2

∥f∥2
: PΣf = f

}
.

Combining this with (3.7) gives us an upper bound for the top eigenvalue:

λ1 ≤ CN−d|S|
Notice that upper bound is tight if |S| << Nd.
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Looking at this from other point of view, one can assume that λ1 is known. Then the

smallest C2
2,2 that one can expect is |S|−1Ndλ1; C2,2 = |S|−1/2Nd/2λ

1/2
1 minimizes the constant

in (3.5) for the case p = q = 2.

Next we do a similar analysis for the minimizer of Cp,q, when (p, q) ̸= (2, 2). For 1 ≤ p ≤
q ≤ 2, the question might be answered using some kind of interpolation technique,

A tremendous amount of work has been done on the restriction phenomenon in vec-
tor spaces over finite fields and modules over rings. See for example, [17, 19, 20, 21, 30]
and the references contained therein. These results mostly deal with restriction to spheres,
paraboloids, and other algebraic surfaces in finite settings. The Euclidean restriction theory
is discussed briefly in Section 5 below. While these situations are interesting in the context
of signal recovery, the most interesting case is where the restriction set S is random, and we
are going to develop this theory later in this paper.

Our first result is the following.

Theorem 3.6 (An uncertainty Principle via Restriction Estimation I). Suppose that f :

Zd
N → C is supported in E ⊂ Zd

N , and f̂ : Zd
N → C is supported in Σ ⊂ Zd

N . Suppose that
the restriction estimation (3.5) holds for Σ for a pair (p, q), 1 ≤ p ≤ q <∞. Then

(3.8) |E|
1
p · |Σ| ≥ Nd

Cp,q

.

Another version of the Restriction Theorem implies the Uncertainty Principle paradigm
is the following.

Theorem 3.7 (An uncertainty Principle via Restriction Estimation II). Suppose that f :

Zd
N → C is supported in E ⊂ Zd

N , and f̂ : Zd
N → C is supported in Σ ⊂ Zd

N . Suppose that
the restriction estimation (3.5) holds for Σ for a pair (p, q), 1 ≤ p ≤ q.

i) If q ≥ 2, then

(3.9) |E|
2−p
p · |Σ| ≥ Nd

C2
p,q

.

ii) If 1 < q < 2, then

(3.10) |E|
(q′−p)q

q′p · |Σ| ≥ Nd

Cq
p,q

Remark 3.8. It is interesting to note that in either theorem mentioned above, when con-
sidering the pair (p, q) with p = 1, if the constraint estimation holds for any set Σ with a
constant C1,q = 1, it leads to the recovery of the classical uncertainty principle (3.1).

Remark 3.9. If the constant Cp,q is small, Theorem 3.7 is strictly stronger than Theorem

3.6 since the exponents p
2−p

and q′p
(q−p)q

are both larger than p in the range p > 1. However,

the fact that the constant Cp,q is squared in the first part of Theorem 3.7 and raised to the
power q in the second part means that Theorem 3.6 is stronger in different regimes.
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Remark 3.10. Another reason Theorem 3.6 is valuable is that the underlying mechanism can
be used in conjunction with the Direct Recovery Algorithm (DRA). This is convenient for
many applications.

Remark 3.11. As an interested reader can easily check, the proof of Theorem 3.6 shows that
(3.8) can be replaced by

(3.11)

(∑
x∈Zd

N
|f(x)|p

) 1
p

maxx∈Zd
N
|f(x)|

· |Σ| ≥ Nd

Cp,q

.

This is a better condition since the assumption that f is supported in E and straightfor-
ward domination imply that (∑

x∈Zd
N
|f(x)|p

) 1
p

maxx∈Zd
N
|f(x)|

≤ |E|
1
p .

Moreover, (3.11) is more stable than (3.8) since a small perturbation of f still satisfies
the former, at a cost of a slight change in the constant. On the other hand, a small random
perturbation of any function f results, with high probability, in a function that is non-zero on
all of Zd

N . A concrete simple illustration of the relative strength of (3.11) is the following. Let
E,F be disjoint subsets of Zd

N , and let f(x) = E(x) + δF (x), where δ is a small parameter.
Then the condition (3.8) takes the form

(|E|+ |F |)
1
p · |Σ| ≥ Nd

Cp,q

,

whereas (3.11) translates to

(|E|+ δ|F |)
1
p · |Σ| ≥ Nd

Cp,q

,

which is much better if δ is small.

Similarly, the conclusion of part i) of Theorem 3.7 can be replaced by

(3.12)

(∑
x∈Zd

N
|f(x)|p

) 2
p∑

x∈Zd
N
|f(x)|2

· |Σ| ≥ Nd

C2
p,q

,

and the conclusion of part ii) can be replaced with

(3.13)

(∑
x∈Zd

N
|f(x)|p

) q
p(∑

x∈Zd
N
|f(x)|q′

) q
q′
· |Σ| ≥ Nd

Cq
p,q

Using the same example as above, it is not difficult to see that these conditions are often
less restrictive than those in the statement of the theorem.

Theorem 3.6 and Theorem 3.7 naturally lead us to ask, under which conditions a non-
trivial restriction estimation can hold for a given Σ ⊂ Zd

N? A sample result in this direction
is the following.
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Theorem 3.12. Let Σ ⊂ Zd
N with the property that

(3.14) |Σ| = ΛsizeN
d
2 ,

and

(3.15) |{(x, y, x′, y′) ∈ U4 : x+ y = x′ + y′}| ≤ Λenergy · |U |2

for every U ⊂ Σ.

Then the restriction estimation holds for Σ for (p, q), where p = 4/3 and q = 2. Indeed,
for any f : Zd

N → C,

(3.16)

(
1

|Σ|
∑
m∈Σ

|f̂(m)|
2

) 1
2

≤ Λ
− 1

2
size · Λ

1
4
energy ·N−d

∑
x∈Zd

N

|f(x)|
4
3

 3
4

.

Remark 3.13. It is interesting to note that the assumption (3.15) holds in a variety of natural
deterministic situations. For example, if d = 2, N is an odd prime, and

Σ = {x ∈ Z2
N : x21 + x22 = 1},

the unit circle, then (3.15) is satisfied with Λenergy = 3 and Λsize essentially equal to 1. The
resulting restriction theorem was first established by the first listed author and Doowon Koh
in [18]. See also [17] for a variety of restriction theorems over Zd

N .

Remark 3.14. (Additive energy of random sets) Let Σ ⊂ Zd
N of size |Σ| = ΛsizeN

d
2 > N

d
2 .

Suppose that Σ is chosen randomly with respect to the uniform distribution. Then the
expected value of

|{(x, y, x′, y′) ∈ Σ4 : x+ y = x′ + y′}|
is bounded by

(3.17) (5 + Λ2
size)|Σ|

2.

The proof, which uses Chernoff’s classical bound shows considerable concentration around
the mean and shows that with very high probability, the desired energy inequality holds.
The result follows easily from the calculations in [12]. If the size of Σ is restricted a bit,
(3.17) estimate can be replaced by a stronger version where the same estimate holds for
every U ⊂ Σ. This allows one to use this estimate in conjunction with Theorem 3.12. A
systematic study will be conducted in the sequel.

Remark 3.15. (Higher order additive energy) We note that Theorem 3.12 is just one example
of the relationship between additive energy and restriction. It is not difficult to show that if

|{(x1, . . . , xk, y1, . . . , yk) ∈ U2k : x1 + x2 + · · ·+ xk = y1 + y2 + · · ·+ yk}| ≤ Λenergy|U |k

for every U ⊂ S, then we obtain the restriction estimate with the exponents
(

2k
2k−1

, 2
)
with

the uniform constant suitably dependent on Λenergy and Λsize. More work is required to
obtain an appropriate variant of (3.17). This investigation will be conducted in the sequel.
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Remark 3.16. (Concentration versus support) Throughout this paper we are going to stick
to the pure support conditions, namely, the signal is supported in a set E, and its Fourier
transform is supported in a set S. In practice, many of the arguments go through, up to
a constant, if we assume that f is concentrated in E in a suitable sense. For example, we
could assume that ∑

x∈Zd
N

|f(x)|p
 1

p

≤ Cp,E

(∑
x∈E

|f(x)|p
) 1

p

,

which would allow all of our results to go through at the cost of the constant Cp,E. We shall
state a precise definition below and give a sample result in the context of our discussion of
Bourgain’s Λq theorem and its consequences for the uncertainty principle.

Remark 3.17. (Interpolation) The (4
3
, 2) restriction theorem in Theorem 3.12 extends, by

interpolation, to a (p, 2) restriction theorem for any 1 ≤ p ≤ 4
3
, since the (1, 2) restriction

theorem always holds as we noted above.

3.2. Bourgain’s Λq theorem, improved uncertainty principle and consequences for
exact recovery. Let G be a locally compact abelian group. Let Γ denote the dual group
of G. For q > 2, Λ ⊂ Γ is said to be a Λq-set if L

q
Λ(G) = L2

Λ(G). Here and throughout, for a
Λ, Lq

Λ(G) denotes the closure in L
q(G) of characters belonging to Λ interpreted as functions

on G. A celebrated result due to Jean Bourgain ([4]) says the following.

Theorem 3.18. Let Ψ = (ψ1, . . . , ψn) denote a sequence of n mutually orthogonal functions,

with ||ψi||L∞(G) ≤ 1. There exists a subset S of {1, 2, . . . , n}, |S| > n
2
q such that∣∣∣∣∣

∣∣∣∣∣∑
i∈S

aiψi

∣∣∣∣∣
∣∣∣∣∣
Lq(G)

≤ C(q)

(∑
i∈S

|ai|2
) 1

2

.

The constant C(q) depends only on q and the estimate above holds for a generic set of size

⌈n
2
q ⌉, where ⌈x⌉ denotes the smallest integer greater than x.

The following consequence of Theorem 3.18 is particularly relevant to our investigation.

Corollary 3.19. Given f : Zd
N → C, let

f̂(m) = N−d
∑
x∈Zd

N

χ(−x ·m)f(x), x ·m = x1m1 + · · ·+ xdmd,

where χ(t) = e
2πit
N . Then for a generic subset Σ of Zd

N of size ⌈N
2d
q ⌉, q > 2, if f̂ is supported

in Σ, we have

(3.18) ||f ||Lq(µ) ≤ C(q)||f ||L2(µ),

where C(q) depends only on q, and here, and throughout,

(3.19) ||f ||Lp(µ) =

 1

Nd

∑
x∈Zd

N

|f(x)|p
 1

p

.
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The following result provides a connection between Corollary 3.19 and the restriction
theory results of the previous subsection. This connection follows from duality, but we make
the statement and the argument explicit for the sake of simplicity and completeness.

Proposition 3.20. Suppose that (3.18) holds for some q > 2 for Σ as in the statement of
Corollary 3.18. Then

(3.20)

(
1

|Σ|
∑
m∈Σ

|f̂(m)|
2

) 1
2

≤ C(q)

(
N

2d
q

|Σ|

) 1
2

·N−d ·

∑
x∈Zd

N

|f(x)|q
′

 1
q′

,

i.e the (q′, 2) restriction holds with the constant bound by

C(q) ·

(
N

2d
q

|Σ|

) 1
2

.

Since |Σ| = [N
2d
q ], the (q′, 2) holds with the constant ≤ C(q).

Before we state our first result, we need a definition that we foreshadowed in Remark 3.16
above.

Definition 3.21. We say that f : Zd
N → C is Lp-concentrated on E ⊂ Zd

N at level λ if∑
x∈Zd

N

|f(x)|p
 1

p

≤ λ

(∑
x∈E

|f(x)|p
) 1

p

.

Our first result is the following.

Theorem 3.22. [Uncertainty Principle in the presence of Randomness]. Let Σ ⊂ Zd
N of

size
[
N

2d
q

]
, chosen randomly with uniform probability. Suppose that f : Zd

N → C is L2-

concentrated in E ⊂ Zd
N at level λ ≥ 1. Suppose f̂ is supported on Σ. Then with probability

1− oN(1),

|E| ≥ Nd

(λC(q))
1

1
2− 1

q

,

where C(q) depends only on q.

Remark 3.23. Note that the numerology of Theorem 3.22 is the same as that of part i) of

Theorem 3.7 in the case when |S| ∼ N
2d
q , q = p′. This is because the two statements are

dual up to normalization. The main point here is that the conclusion of Theorem 3.7 holds

for a generic set S of size ∼ N
2d
q . It would be interesting to quantify the statement that S

is generic more precisely. This issue shall be addressed in the sequel.

Remark 3.24. Qualitatively, Theorem 3.22 says that if f̂ is supported on a random set S
of size ≈ Nd−ϵ for some ϵ > 0, then the support of f is a positive proportion of Zd

N . On

the other hand, if the support of f̂ is all of Zd
N , for instance, if f̂ is identically 1, then f

is supported at the origin. It is natural to conjecture, qualitatively, that if f̂ is supported
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on a random set of size o(Nd), then the support of f is a positive proportion of Zd
N . This

naturally leads to consider replacing the Lp, p > 2, space in Bourgain’s inequality by a
suitable function space close to L2. A good starting point for this investigation is the Orlicz
space version of Theorem 3.18 proved by Donggeun Ryou ([9]). Roughly speaking, in our
context, he obtained a variant of Theorem 3.18 in the case when Lp spaces are replaced
by Orlciz spaces defined by the Young function Φ(t) ∼ tp logαp(t) for p > 2. The case we
need, namely when p = 2, appears particularly difficult. We shall investigate this matter
systematically in the sequel.

3.3. Salem sets and Salem uncertainty principle. We are now going to explore uncer-
tainty principles based on the assumption that the underlying sets are Salem sets, named
after Raphael Salem, the mathematician who first discovered them and studied their prop-
erties (see e.g. [35]). In the finite setting, the definition requires a bit of care.

Definition 3.25 (Salem sets). A set S ⊂ Zd
N is a Salem set at level ΛSalem if

(3.21) |Ŝ(z)| ≤ ΛSalem ·N−d · |S|
1
2 ∀ z ̸= 0.

Notice that every set is a Salem set with the constant ΛSalem = |S|
1
2 . This follows from

the following simple argument: By the definition of the Fourier transform, the inequality

|Ŝ(z)| ≤ N−d|S|

always holds. Therefore, we can write

|Ŝ(z)| ≤ |S|
1
2 ·N−d|S|

1
2 .

In general, however, the estimate on ΛSalem is much better, as we will show later in Propo-
sition 3.29. Indeed, it shows that with probability 1−N−dϵ, a randomly chosen set S satisfies

the bound |Ŝ(z)| ≤ ΛSalemN
−d|S|

1
2 , for z ̸= (0, . . . , 0), with ΛSalem ≤

√
(1 + ϵ)d ln(n).

Theorem 3.26. (Salem Uncertainty Principle) Let E,Σ ⊂ Zd
N . Suppose that Σ is Salem at

level ΛSalem. Then if f : Zd
N → C is supported in E and its Fourier transform f̂ with support

in Σ, we have

(3.22) |E| · |Σ|
3
4 ≥ Nd ·

√
1− dens(Σ)

ΛSalem

,

where dens(Σ) = N−d|Σ| is the density of the set Σ.

Remark 3.27. It is not difficult to see that the roles of E and Σ in Theorem 3.26 can be
switched if E is assumed to be a Salem set.

Remark 3.28. The interested reader can check that the proof of Theorem 3.26 given below
also yields a restriction theorem. In the course of proving Theorem 3.26, we show that

(3.23)

(
1

|Σ|
∑
m∈Σ

|f̂(m)|
2

) 1
2

≤ N−d · |Σ|−
1
4 · Λ

1
2
Salem ·

∑
x |f(x)|√

1− dens(S)
.
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We can also check using Plancherel that

(3.24)

(
1

|Σ|
∑
m∈Σ

|f̂(m)|
2

) 1
2

≤ |Σ|−
1
2N− d

2 ·

(∑
x

|f(x)|2
) 1

2

= N−d ·
(
Nd

|Σ|

) 1
2

(∑
x

|f(x)|2
) 1

2

.

Interpolating (3.23) and (3.24), we see that

(3.25)

(
1

|Σ|
∑
m∈Σ

|f̂(m)|
2

) 1
2

≤
(
Λ

1
2
Salem · |Σ|−

1
4

)1− 2
p′ ·
(
Nd

|Σ|

) 1
p′

·N−d

(∑
x

|f(x)|p
) 1

p

= Λ
1
2
− 1

p′

Salem|Σ|
− 1

4
− 1

2p′N
d
p′ ·N−d ·

(∑
x

|f(x)|p
) 1

p

for 1 ≤ p ≤ 2.

In particular, if |Σ| ≈ Nα and 0 < α < d, then under the assumptions of Theorem 3.26,

we obtain a (p, 2) restriction theorem for p′ ≥ 2(2d−α)
α

. See, for example, [30] for analogous
results.

Theorem 3.26 leads to the natural question of which sets S are Salem at level ΛSalem, and
this leads us to consider the following. Given A ⊂ Zd

N , define

Φ(A) = max
{
|Â(m)| : m ∈ Zd

N ; m ̸= 0⃗
}
.

Given that |A| ≤ Nd

2
, the quantity Φ(A) is bounded from below and above as

N−d

√
|A|
2

≤ Φ(A) ≤ N−d|A|,

where the upper bound follows from direct domination and the lower bound follows from
Plancherel theorem and the assumption on the size of A. (For a detailed proof, we refer to
Proposition 2.6 in [2].) The following result addresses the question we raised above about
when we can expect a Salem type estimate to hold.

Proposition 3.29 ([2], Proposition 5.14). Let ϵ > 0. For all but O(N−dϵ) subsets A of Zd
N

of size |A| ≤ Nd

2

(3.26) Φ(A) < N−d
√

2(1 + ϵ)|A| · d · ln(N),

where ln(N) is the natural logarithm of N .

Remark 3.30. The proof of Proposition 3.29 shows that if A of a given size ≤ Nd

2
is chosen

randomly, with respect to the uniform probability distribution on Zd
N , then for any ϵ > 0,

(3.26) holds with probability 1−N−dϵ.
Also, observe that the random subset S is significantly smaller than the total size of Zd

N ,
specifically less than half of it, chosen uniformly at random.
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3.3.1. Comparison with Meshulam’s uncertainty principle. Roy Meshulam ([28]) proved the
following extension of Tao’s uncertainty principle ([41]). Suppose that G is an abelian group
of size N , and d1, d2 are two consecutive divisors of N with d1 < d2. Suppose that f : G→ C
such that f is supported in E and f̂ is supported in S. If d1 ≤ |E| ≤ d2, then

(3.27) |S| ≥ N

d1d2
(d1 + d2 − |E|) .

To give an example of a comparison between this estimate and the results of this paper,
let’s consider the case when N = a2, a large prime. Let d1 = 1, d2 = a, and let |E| = a−k, for
some 0 ≤ k ≤ a− 1, with the exact value of k to be determined later. Then by Meshulam’s

result, if f : ZN → C supported in E, with f̂ supported in S, then

(3.28) |S| ≥ a2

a
(1 + a− |E|) = a+ a2 − a(a− k) = a(k + 1).

On the other hand, if we use Theorem 3.26 and Proposition 3.29, we see that if S is chosen
randomly with uniform probability distribution, then with probability a−2ϵ,

|E| · |S|
3
4 ≥ a2 ·

√
1− dens(S)

ΛSalem

,

with
ΛSalem ≤

√
(1 + ϵ) ln(a).

It follows that

|S|
3
4 ≥ a

k + 1

√
1− dens(S)

ΛSalem

,

which implies that

|S| ≥

 a

k + 1

√
1− dens(S)

ΛSalem

 4
3

.

This is more restrictive than (3.28) if k is small. On the other hand, if k = a
2
, then

Meshulam’s bound is better. It is also interesting to note that by the classical uncertainty
principle,

|S| ≥ a2

|E|
=

a2

a− k
,

which is slightly weaker than Meshulam bound (3.28).

It would be interesting to work out a unified approach combining restriction and Meshu-
lam’s approach. This investigation will be conducted in the sequel.

Remark 3.31. One can use Meshulam’s uncertainty principle to achieve a unique signal
recovery result analogous to Donoho-Stark’s as follows. Let f : ZN → C be a signal with
support E and a set of missing frequencies S. Assume that d1 ≤ 2|E| ≤ d2 and

|S| ≤ N(d1d2)
−1(d1 + d2 − 2|E|).

Then, f can be uniquely recovered. In the case where N is prime, the conditions for
the recovery problem change to |E| ≤ N

2
and the size of unobserved frequencies must be
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Figure 2. The blue dotted area represents the allowed range of missing frequencies
and signal sparsity when Donoho and Stark’s Uncertainty Principle (UP) is considered.
Meanwhile, the striped beige area indicates the permitted range when Meshulam’s as well
as Tao’s UP (for prime N) is taken into account.

|S|+ 2|E| ≤ N + 1. See Fig. 2 for a comparison of the allowed range for the size of sparsity
and the size of absent frequencies for an exact recovery using Donoho-Stark’s vs. Meshulam’s
uncertainty principles.

3.4. The relationships between the parameters Λsize, ΛSalem and Λenergy. We are
now going to exhibit some interesting relationships between the parameters we have been
repeatedly using.

i) (ΛSalem bound) As we noted above, the inequality

|Ŝ(z)| ≤ ΛSalemN
−d|S|

1
2

always holds for any set S with ΛSalem = |S|
1
2 .

ii) (Λenergy bound) The inequality

|{(x, y, x′, y′) ∈ S4 : x+ y = x′ + y′}| ≤ Λenergy|S|2

always holds with Λenergy = |S|, since we can fix x, y, x′ and solve for y′.

iii) (Random ΛSalem bound) It is also important to note that Proposition 3.29 implies

that if S is chosen randomly and |S| < Nd

2
, then with probability 1 − N−dϵ we may

take ΛSalem ≤
√
(1 + ϵ) ln(N).

iv) (ΛSalem versus Λenergy) By a simple calculation, we have∑
z

|Ŝ(z)|
4
= N4d

∑
x,y,x′,y′

χ(z · (x+ y − x′ − y′))S(x)S(y)S(x′)S(y′)

= N−3d|{(x, y, x′, y′) ∈ S4 : x+ y = x′ + y′}|,

i.e.,

|{(x, y, x′, y′) ∈ S4 : x+ y = x′ + y′}| = N3d
∑
z

|Ŝ(z)|
4
.(3.29)
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Suppose that S satisfies |Ŝ(z)| ≤ ΛSalemN
−d · |S|

1
2 for z ̸= (0, . . . , 0). By this

assumption, the right-hand side of (3.29) is bounded by

N3d · Λ2
Salem ·N−2d · |S| ·

∑
z

|Ŝ(m)|
2
.

By Plancherel, this expression equals

Λ2
Salem · |S|2,

from which we conclude that

(3.30) Λenergy ≤ Λ2
Salem.

v) The calculation above shows that a good Fourier bound (small ΛSalem) leads to a
good energy bound (small Λenergy). We are about to see that the converse is much
more problematic.

Here is a sketch of an example in the prime setting, but similar examples can be
constructed for any N . Let N be a large prime number, and let E denote the disjoint
union of the parabola {x ∈ Z2

p : x2 = x21} and an arithmetic progression on a line of

length ≈ pα, with 0 < α < 2
3
. A direct calculation shows that

|{(a, b, c, d) ∈ E4 : a+ b = c+ d}| ≈ |E|2

because rich additive properties of the arithmetic progression on a line do not interfere
the poor additive properties of the parabola because the arithmetic progression is too
small. Please note that this calculation requires the primality of N .

Now, Ê(m) = Ŝ(m)+ L̂(m), where S is the indicator function of the parabola, and
L is the indicator function of a line. By classical Gauss sum estimates (see e.g. [22]),

|Ŝ(m)| ≤ N− 3
2 ,

and this estimate is exact for all m with m2 ̸= 0. On the other hand, it is not difficult

to find m with m2 ̸= 0 such that |L̂(m)| ≈ |L|p−2 = pα−2. It follows that

|Ê(m)| ≈ p−
3
2 + pα−2 ≈ pα−2 = p−

3
2 · pα−

1
2 ,

so

ΛSalem = pα−
1
2

as long as α > 1
2
. On the other hand, Λenergy ≈ 1 in this case. This shows that the

inequality (3.30) can be very far from equality.

vi) In view of Remark 3.14, in the case when S is chosen randomly, Λenergy ≤ Λ2
size.

4. Signal recovery in Zd
N

4.1. Exact recovery via restriction theory. We begin with the exact recovery mecha-
nism that follows from Theorem 3.6.
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Corollary 4.1 (Exact Recovery via Restriction Estimation). Let f : Zd
N → C be a signal

supported in E ⊂ Zd
N . Let r be a frequency bandlimited signal such that

(4.1) r̂(m) =

{
f̂(m), for m /∈ S

0, otherwise.

Suppose that (3.5) holds for S, the set of unobserved frequencies of f . Then f can be
reconstructed from r uniquely if

|E|
1
p · |S| < Nd

2
1
pCp,q

.(4.2)

This result follows from Theorem 3.6 using the Donoho-Stark mechanism described in
subsection 2.1.1.

The following consequence of Theorem 3.22 is deduced using the Donoho-Stark approach
described above.

Corollary 4.2 (Exact recovery in the presence of randomness). Let f : Zd
N → C supported

in E ⊂ Zd
N . Let r be a frequency bandlimited signal given by (4.1), where S is a subset of

Zd
N of size ⌈N

2d
q ⌉, for some q > 2, randomly chosen with uniform probability. Then there

exists a constant C(q) that depends only on q such that with probability 1− o(1), if

(4.3) |E| < Nd

2(C(q))
1

1
2− 1

q

,

then f can be reconstructed from r uniquely.

Remark 4.3. The size assumption of Corollary 4.2 can easily be restated in the form |S| =
⌈Nd−ϵ⌉ for some ϵ > 0. Then by writing d − ϵ = 2d

q
, we obtain 1

2
− 1

q
= ϵ

2d
, which leads to

the following variant equivalent of (4.3):

|E| < Nd

(C(q))
2d
ϵ

.

4.2. DRA algorithm and recovery of 0-1 signals via restriction theory. 1 Donoho
and Stark [11] provide an algorithm for reconstructing the signal f , with a certain degree
of complexity. Our observation is that in the case of 0− 1 signals, the recovery mechanism
is very simple and via Direct Rounding Algorithm under more “sparsity” conditions, as we
illustrate in the next theorem.

Definition 4.4 (DRA–Direct Rounding Algorithm). Let E, S ⊂ Zd
N and let E(x) denote

its indicator function. Suppose that the values of Ê(m) are not known for m ∈ S. Let r be
a frequency bandlimited signal obtained by a sharp frequency “cut-off” map PZd

N\S:

r := PZd
N\S(E),

1Note that there are many reasons why someone may want to transmit a higher dimensional signal. For
example, a graph on N vertices can be specified via its adjacency matrix, which is an N by N matrix of 1s
and 0s, which can be encoded as an indicator function of a subset of Z2

N corresponding to the 1 entries in
the matrix.
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Figure 3. Left: Graph of original 1-bit signal. Right: Inverse discrete Fourier transform of the signal
in the presence of a single missing Fourier measurement S. The recovery of original signal is obtained from

DRA (or threshelding) of IDFT.

Then

r(x) =
∑

m∈Zd
N\S

Ê(m)χ(m · x) ∀x ∈ Zd
N ,

and r̂(m) = Ê(m) for m /∈ S, and 0 otherwise.

We define G(x) as follows. If |r(x)| ≥ .5, then G(x) = 1, otherwise G(x) = 0. We say that
E can be recovered via the Direct Rounding Algorithm if E(x) = G(x) for all x ∈ Zd

N .

In Figure 3, we illustrate an example of the recovery process facilitated by DRA.
The next results illustrate that the Direct Rounding Algorithm can be effectively applied

for the recovery of binary signals under some specific size conditions for the sets E and S.

Theorem 4.5. Let E be a binary signal in Zd
N .

i) Suppose that the frequencies in S ⊂ Zd
N are unobserved. Then E can be recovered via

DRA provided that

(4.4) |E| · |S| < Nd

4
,

holds.
ii) Suppose that the frequencies in S ⊂ Zd

N are unobserved and S satisfies the restriction
estimate (3.5), then E can be recovered via DRA provided that

(4.5) |E|
1
p · |S| < Nd

2Cp,q

,

holds.

Proof. (i) Let E ⊂ Zd
N and let E(x) denote its indicator function, i.e., E(x) = 1 when x ∈ E

and E(x) = 0 otherwise. Suppose that S ⊂ Zd
N . We can write

E(x) =
∑

m∈Zd
N

χ(x ·m)Ê(m)(4.6)

=
∑
m/∈S

χ(x ·m)Ê(m) +
∑
m∈S

χ(x ·m)Ê(m) = I(x) + II(x).

Suppose that the frequencies in S are unobserved. Under the assumption (4.9), the signal
E can be recovered directly via DRA. Indeed, by the Cauchy-Schwarz inequality, we estimate
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the error term from above:

|II(x)| ≤ |S|
1
2 ·

(∑
m∈S

|Ê(m)|
2

) 1
2

(4.7)

≤ |S|
1
2 ·

∑
m∈Zd

N

|Ê(m)|
2

 1
2

= N− d
2 |S|

1
2 · |E|

1
2 .(4.8)

Notice that by the assumption (4.9) we have

(4.9) |II(x)| < 1

2
.

Now, by applying DRA to r(x) = E(x)− I(x), we can successfully recover the entire singal
E.

We note that the DRA algorithm, described above, is executed as follows in this context.
We take I(x), compute its complex modulus, then round up to 1 if |E(x)− I(x)| ≥ 0.5, and
round it down to 0 otherwise. This is because E(x) is equal to 1 or 0 and the error of < 1

2
does not interfere with the rounding process.

(ii) With the assumption that the restriction estimation (3.5) holds for S, we proceed to
adapt our previous argument as follows. We have

|II(x)| ≤ |S|
1
q′ ·

(∑
m∈S

|Ê(m)|
q

) 1
q

= |S| ·

(
1

|S|
∑
m∈S

|Ê(m)|
q

) 1
q

≤ Cp,qN
−d · |S| ·

∑
x∈Zd

N

|E(x)|p
 1

p

= Cp,qN
−d · |S| · |E|

1
p .

We conclude that exact recovery via DRA is possible for 0−1 signals under the assumption
(3.5), provided that

(4.10) |E|
1
p · |S| < Nd

2Cp,q

,

a slightly more stringent condition than the one in Corollary 4.1. □

Remark 4.6. In Theorem 4.5 (i), we achieve a very simple exact recovery process. The
price that we pay for this simple algorithm is that (4.9) is more restrictive, by a factor of
1
2
, compared to the condition |E| · |S| < Nd

2
that arises when we prove the exact recovery

directly using the uncertainty principle in (3.1). The same argument holds true for (ii).

Remark 4.7. It is interesting to note that if f : Zd
N has a bounded range and takes only a

finite number of values, then the DRA mechanism can be applied, much like above, except
that we need to bound |II(x)| by 1

2k
instead of 1

2
.
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4.3. Signal recovery via the Salem uncertainty principle. We are now going to explore
the exact recovery consequences of the Salem Uncertainty Principle (Theorem 3.26). Our
main result in this direction is the following.

Theorem 4.8. Let f : Zd
N → C be a signal supported in E ⊂ Zd

N . Let r be a frequency
bandlimited signal obtained by a sharp frequency “cut-off” map PB:

r := PB(f),

where PB = F−1χBF and B = Zd
N \ S. Then r̂(m) = f̂(m) for m /∈ S, and 0 otherwise.

Suppose that S is Salem at level ΛSalem. Then f can be reconstructed from r uniquely if

(4.11) |E| · |S|
3
4 <

1

2
·Nd ·

√
1− dens(S)

ΛSalem

.

This result follows from Theorem 3.26 using the Donoho-Stark mechanism described in
Subsection 2.1.1.

Remark 4.9. In view of Proposition 3.29, we can replace the assumption on S in Theorem
4.8 by the assumption that S is chosen randomly with respect to uniform probability. Then
the conclusion that f can be reconstructed from r uniquely if (4.11) holds with ΛSalem =
ln((1 + ϵ) · d ·N) is valid with probability 1−N−dϵ.

In the realm of 0− 1 signals, we can use Theorem 3.26 and run the DRA mechanism from
Subsection 4.2 to obtain the following result.

Theorem 4.10. Let E ⊂ Zd
N and identify E with its indicator function. Let r be a frequency

bandlimited signal obtained by a sharp frequency “cut-off” map PB:

r := PB(E),

where PB = F−1χBF and B = Zd
N \ S. Then r̂(m) = Ê(m) for m /∈ S, and 0 otherwise.

Suppose that S is Salem at level ΛSalem. Then E can be reconstructed from r uniquely via
the DRA if

|E| · |S|
3
4 <

1

2
·Nd ·

√
1− dens(S)

ΛSalem

.

5. Signal recovery in Rd

The signal recovery problem can be set up in a very general setting, such as manifolds,
hyperbolic domains, fractals, and Lie groups. We shall address this issue in the sequel, but
in the meantime, we are going to provide a simple illustration of how the concepts of this
paper play out in the context of the celebrated restriction conjecture in Rd, d ≥ 2.

In Euclidean spaces, we may consider the following version of the exact recovery problem.
Let A be a subset of the unit cube, say, of positive Lebesgue measure, and let 1A(x) denote
its indicator function. By the inverse Fourier transform,

1A(x) =

∫
e2πix·ξ 1̂A(ξ)dξ, ∀ x ∈ Rd.

Suppose that the values of 1̂A(ξ) for ξ ∈ Sδ are missing, where Sδ is the δ-neighborhood
of S ⊂ Rd.
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As before, we have

1A(x) =

∫
ξ /∈Sδ

e2πix·ξ 1̂A(ξ)dξ +

∫
Sδ

e2πix·ξ 1̂A(ξ)dξ = I + II,

where for some r ∈ [1,∞)

|II| ≤ |Sδ| ·
(

1

|Sδ|

∫
Sδ

|1̂A(ξ)|
r
dξ

) 1
r

.(5.1)

Definition 5.1. (Restriction in Rd) Given a compact set S ⊂ Rd, and a measure σS sup-
ported on S, we say that a (p, r) restriction theorem holds for S if there is a constant Cp,r,
depending only on p and r, such that for any function f

(5.2)

(
1

|Sδ|

∫
Sδ

|f̂(ξ)|
r
dξ

) 1
r

≤ Cp,r

(∫
Rd

|f(x)|pdx
) 1

p

with constants independent of δ > 0, where Cp,r is a uniform constant and Sδ is the δ-
neighborhood of S.

Remark 5.2. Suppose that S is a compact surface and Sδ is defined as above. Note that

(5.3) σS := lim
δ→0+

1

|Sδ|
1Sδ

is the usual surface measure on S.

Moving right along, if a (p, r)- restriction theorem is valid for Sδ, with constants indepen-
dent of δ (if δ is sufficiently small), the expression on the right of (5.1) above is bounded
by

Cp,r|Sδ| · |A|
1
p .

Suppose, for example, S has the upper Minkowski dimension α. Then we conclude that

(5.4) |II| ≤ Cp,r · δd−α · |A|
1
p .

The restriction theorem always holds with p = 1, so we have

(5.5) |II| ≲ δd−α|A|,
and exact recovery is possible if δd−α|A| is smaller than a sufficiently small constant. If S
is a compact piece of a hyperplane, for example, it is not difficult to see that we can never
obtain a (p, r) restriction estimate with p > 1. However, we can say much more in some
specific cases, like the cases of a sphere or a paraboloid due to their curvature properties.
See, for example, the discussion of restriction theory in [40]. See also [29] for the discussion
of restriction for sets of fractional dimension.

Conjecture 5.3. (Restriction conjecture) The restriction conjecture says that if S is the
unit sphere, (see e.g. [40]; for a thorough description of the problem, and [43] for some
recent developments) then (5.2) holds whenever

p <
2d

d+ 1
, r ≤ d− 1

d+ 1
p′,
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where p′ is the conjugate exponent to p.

Theorem 5.4. Suppose that the Restriction conjecture 5.3 holds. Suppose that the same
estimate holds if σS is replaced by 1

|Sδ|1Sδ with δ sufficiently small. Let A be a measurable

subset of Rd and the Fourier transform of 1̂A(ξ) is known, except for the δ-neighborhood of
the unit sphere. Then there exists C < ∞, independent of δ, such that exact recovery of A
is possible, up to a set of measure 0, if

|A| ≤ Cδ−p for any p <
2d

d+ 1
.

The proof of Theorem 5.4 follows by taking α = d−1 and p from the Restriction conjecture
in 5.3 above.

6. Proof of Theorems

Proof of Theorem 3.6. Suppose that f is supported in a set E, and f̂ is supported in a set
Σ. Then by the Fourier Inversion Formula and the support condition,

f(y) =
∑

m∈Zd
N

χ(y ·m)f̂(m) =
∑
m∈Σ

χ(y ·m)f̂(m)

By Hölder’s inequality,

|f(y)| ≤ |Σ| ·

(
1

|Σ|
∑
m∈Σ

|f̂(m)|
q

) 1
q

.

By restriction bound assumption (3.5), this expression is bounded by

|Σ| · Cp,q ·N−d ·

∑
x∈Zd

N

|f(x)|p
 1

p

,

and by the support assumption, this quantity is equal to

|Σ| · Cp,q ·N−d ·

(∑
x∈E

|f(x)|p
) 1

p

.

Putting everything together, we see that

|f(y)| ≤ |Σ| · Cp,q ·N−d ·

(∑
x∈E

|f(x)|p
) 1

p

∀ y ∈ E.

Raising both sides to the power of p, summing over E, and dividing both sides of the
resulting inequality by

∑
x∈E |f(x)|p, we obtain

|Σ|p · |E| · Cp
p,q ≥ Ndp,

or, equivalently,

|E|
1
p · |Σ| ≥ Nd

Cp,q

,
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as desired.
□

Proof of Theorem 3.7. To simplify the presentation, we introduce the following notation.
Given f : Zd

N → C and a set A ⊂ Zd
N , define

(6.1) ||f ||Lp(A) =

(∑
x∈A

|f(x)|p
) 1

p

,

and

(6.2) ||f ||Lp(µA) =

(
1

|A|
∑
x∈A

|f(x)|p
) 1

p

.

Note that (6.2) is defined in (3.19) in the case A = Zd
N .

Observe that if 1 ≤ a ≤ b, then by Hölder’s inequality,

(6.3) ||f ||La(µA) ≤ ||f ||Lb(µA).

Similarly, if 1 ≤ a ≤ b,

(6.4) ||f ||La(A) = |A|
1
a ||f ||La(µA) ≤ |A|

1
a ||f ||Lb(µA) = |A|

1
a
− 1

b ||f ||Lb(A).

In this notation, (p, q) restriction theorem can be rephrased in the form

(6.5) ||f̂ ||Lq(µS)
≤ Cp,qN

−d||f ||Lp(Zd
N ).

Suppose that f is supported in E and f̂ is supported in S. Also, suppose that (6.5) holds.
There are two cases.

Case 1: q ≥ 2. By (6.3)

(6.6) ||f̂ ||L2(µS)
≤ ||f̂ ||Lq(µS)

,

which implies that if (6.5) holds with exponents (p, q) and constant Cp,q, it also holds with
exponents (p, 2) and constant Cp,q.

Since f̂ is supported in S and f is supported in E,

||f̂ ||L2(µS)
= |S|−

1
2 ||f̂ ||L2(S) = |S|−

1
2 ||f̂ ||L2(Zd

N ) = |S|−
1
2N− d

2 ||f ||L2(Zd
N ) = |S|−

1
2N− d

2 ||f ||L2(E).

By (6.6) and (6.5),

|S|−
1
2N− d

2 ||f ||Lp(E) ≤ Cp,qN
−d||f ||Lp(E) ≤ Cp,qN

−d|E|
1
p
− 1

2 ||f ||L2(E)

by (6.3) and (6.4). It follows that

|S|−
1
2N− d

2 ||f ||L2(E) ≤ Cp,qN
−d|E|

1
p
− 1

2 ||f ||L2(E).

Cancelling ||f ||L2(E) on both sides and rearranging, we obtain part i) of Theorem 3.7.
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Case 2: q ≤ 2. We shall need the Hausdorff-Young inequality (see e.g. [34] in the
generality of locally compact abelian groups), i.e if 1 ≤ p ≤ 2,

(6.7) ||f̂ ||Lp′ (Zd
N ) ≤ N− d

p ||f ||Lp(Zd
N ).

As usual, the case p = 1 follows by the triangle inequality, the case p = 2 is Plancherel,
and the rest is a consequence of the Riesz-Thorin interpolation inequality (see e.g. [40], [5]).

Note that if g = f̂ , then ĝ(x) = N−df(−x). It follows that the left-hand side of (6.5) is
bounded from below by

|S|−
1
qN

d
qN−d

∑
x∈Zd

N

|f(−x)|q
′

 1
q′

= |S|−
1
qN

− d
q′ ||f ||Lq′ (E),

where the last step follows by a change of variables x → −x and the assumption that f is
supported in E.

Putting everything together and using (6.3) and (6.4) once again, we see that

|S|−
1
qN

− d
q′ ||f ||Lq′ (E) ≤ Cp,qN

−d||f ||Lp(E) ≤ Cp,q|E|
1
p
− 1

q′N−d||f ||Lq′ (E).

Cancelling ||f ||Lq′ (E) and rearranging, we obtain part ii) of Theorem 3.7. This completes
the proof.

□

Proof of Theorem 3.12. We have∑
m∈Σ

|f̂(m)|
2
=
∑

m∈Zd
N

|f̂(m)|
2
Σ(m)(6.8)

=
∑

m∈Zd
N

f̂(m)Σ(m)g(m),(6.9)

where

g(m) = f̂(m)Σ(m).

By definition of the Fourier transform, the right-hand side of (6.9) is equal to

N−d
∑
m

∑
x

χ(−x ·m)f(x)Σ(m)g(m)

=
∑
x

f(x)ĝΣ(x).(6.10)

By Hölder’s inequality, the quantity in (6.10) is bounded by

(6.11)

∑
x∈Zd

N

|f(x)|
4
3

 3
4

·

∑
x∈Zd

N

|ĝΣ(x)|
4

 1
4

.
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Continuing, we have∑
x∈Zd

N

|ĝΣ(x)|
4
=

= N−4d
∑
x

∑
m1,m2,m3,m4∈Σ

χ(x · (m1 +m2 −m3 −m4))g(m1)g(m2)g(m3)g(m4)

= N−3d
∑

m1+m2=m3+m4; mj∈Σ

g(m1)g(m2)g(m3)g(m4).

The modulus of this expression is bounded by

Λenergy ·N−3d ·

(∑
m

|g(m)|2
)2

.

To see this, we use a similar idea in [27], page 11: we take g to be a linear combination of
indicator functions of sets, then apply the Cauchy-Schwartz and the assumption (3.15).

Going back, we see that the expression is bounded by∑
x∈Zd

N

|f(x)|
4
3

 3
4

· Λ
1
4
energy ·N− 3d

4 ·

(∑
m

|g(m)|2
) 1

2

.

If we go back to (6.8), and unravel the definitions, we see that

∑
m

|g(m)|2 ≤

∑
x∈Zd

N

|f(x)|
4
3

 3
4

· Λ
1
4
energy ·N− 3d

4 ·

(∑
m

|g(m)|2
) 1

2

,

hence (
1

|Σ|
∑
m∈Σ

|f̂(m)|
2

) 1
2

≤

∑
x∈Zd

N

|f(x)|
4
3

 3
4

· 1

|Σ|
1
2

· Λ
1
4
energy ·N− 3d

4

= Λ
1
4
energy ·N−d ·

∑
x∈Zd

N

|f(x)|
4
3

 3
4

· N
d
4

|Σ|
1
2

= Λ
− 1

2
size · Λ

1
4
energy ·N−d ·

∑
x∈Zd

N

|f(x)|
4
3

 3
4

,

as claimed. □

Proof of Proposition 3.20. We have

|Σ|−1
∑
m∈S

|f̂(m)|
2
=
∑
m

f̂(m)Σ(m)g(m)Σ(m),

where g(m) = f̂(m). We shall use definitions (6.1), (6.2), and (3.19) throughout.
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This expression equals ∑
x

f(x)ĝΣ(x),

and the modulus of this expression is bounded by

||f ||Lq′ (Zd
N ) · ||ĝΣ||Lq(Zd

N ) · |Σ|
−1

= N
d
q′ · ||f ||Lq′ (µ) ·N

d
q · ||ĝΣ||Lq(µ) · |Σ|

−1

≤ Nd · ||f ||Lq′ (µ) · C(q) · ||ĝΣ||L2(µ) · |Σ|
−1

Nd · ||f ||Lq′ (µ) · C(q) · ||ĝΣ||L2(Zd
N ) ·N

− d
2 · |Σ|−1

= ||f ||Lq′ (µ) · C(q) · ||gΣ||L2(Zd
N ) · |Σ|

−1

= ||f ||Lq′ (µ) · C(q) ·

(
1

|Σ|
∑
m∈Σ

|f̂(m)|
2

) 1
2

· |Σ|−
1
2

= N
− d

q′ · ||f ||Lq′ (Zd
N ) · C(q) ·

(
1

|Σ|
∑
m∈Σ

|f̂(m)|
2

) 1
2

· |Σ|−
1
2

= C(q)

(
N

2d
q

|Σ|

) 1
2

N−d||f ||Lq′ (Zd
N ),

which completes the proof.
□

Proof of Theorem 3.22. It is not difficult to see that we may write f(x) in the form
n∑

i=1

ci1Ei
(x),

where {Ei} is a disjoint collection of subsets of Zd
N . Note that

E ≡ ∪n
i=1Ei

is the support of f .
A direct calculation shows that

(6.12) ||f ||Lp(µ) = N− d
q ·

(
n∑

i=1

|ci|q|Ei|

) 1
q

.

By Theorem 3.18, the estimate (3.18) holds. Plugging in (6.12) yields

(6.13) N− d
q ·

(
n∑

i=1

|ci|q|Ei|

) 1
q

≤ λ · C(q)N− d
2 ·

(
n∑

i=1

|ci|2|Ei|

) 1
2

.

Let wi =
|Ei|
|E| . Observe that

n∑
i=1

wi = 1.
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We may rewrite inequality (6.13) in the form

|E|
1
2
− 1

q ·
(∑n

i=1 |ci|
2wi

) 1
2

(
∑n

i=1 |ci|
qwi)

1
q

· λ · C(q) ≥ (Nd)
1
2
− 1

q .

By Holder’s inequality, the left-hand side is bounded above by |E|
1
2
− 1

pC(p), and we see
that

|E|
1
2
− 1

qλ · C(q) ≥ (Nd)
1
2
− 1

q .

Taking the roots of both sides yields the conclusion of the theorem.

□

Proof of Theorem 3.26. By Fourier Inversion,

f(x) =
∑
m∈S

χ(x ·m)f̂(m).

It follows that

|f(x)| ≤ |S| ·

(
1

|S|
∑
m∈S

|f̂(m)|
2

) 1
2

.

We have ∑
m∈S

|f̂(m)|
2
=
∑
m∈S

|f̂(m)|
2
S0(m) +

|S|
Nd

∑
m∈S

|f̂(m)|
2
,

where S0(m) = S(m)− |S|
Nd .

It follows that

(1− dens(S))
∑
m∈S

|f̂(m)|
2
=
∑
m

|f̂(m)|
2
S0(m)

(6.14)

= N−d
∑
x,y

f̄(x)f(y)Ŝ0(x− y) ≤ N−d · ΛSalem · |S|
1
2

Nd
·

(∑
x

|f(x)|

)2

.

We deduce that(
1

|S|
∑
m∈S

|f̂(m)|
2

) 1
2

≤ N−d · |S|−
1
4 · Λ

1
2
Salem ·

∑
x |f(x)|√

1− dens(S)
.

Putting everything together, we see that

|f(x)| ≤ 1

Nd
· |S|

3
4 · Λ

1
2
Salem ·

∑
x

|f(x)| · 1√
1− dens(S)

.

Summing both sides over x ∈ E, using the assumption that f is supported in E, and
dividing both sides by

∑
x∈E |f(x)|, we obtain the conclusion of the theorem. This completes

the proof. □
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Proof of Theorem 4.10. We have

E(x) =
∑
m

χ(x ·m)Ê(m)(6.15)

=
∑
m/∈S

χ(x ·m)Ê(m) +
∑
m∈S

χ(x ·m)Ê(m)

= I(x) + II(x).

By Cauchy-Schwarz,

|II(x)| ≤ |S| ·

(
1

|S|
∑
m∈S

|Ê(m)|
2

) 1
2

.

By the proof of Theorem 3.26 above,

|S| ·

(
1

|S|
∑
m∈S

|Ê(m)|
2

) 1
2

≤ 1

Nd
· |S|

3
4 · Λ

1
2
Salem · |E| · 1√

1− dens(S)
.

We need this quantity to be < 1
2
and the desired conclusion follows using the reasoning

laid out in Subsection 4.2.
□
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