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The Erdos Distance Problem

@ Let P be a set of n points in R?.
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The Erdos Distance Problem

@ Let P be a set of n points in R?.

@ Define
A(P) =A{lx—yl:x,y € P},

where

2 2 2
X:(X17X2)7 y:(y17y2)’ |X7y| :(XI*Y1) +(X2*}/2) .
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The Erdos Distance Problem

@ Let P be a set of n points in R?.

@ Define
A(P)={lx—-y|:x,y € P},

where

2 2 2
x=(x1,x2), y = (y1,¥2), Ix = y|" = (1 —y1)" + (x2 — y2)".

@ What is the smallest possible size A(P) if the size of P is equal to n?
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Total number of distances and repeated values

@ The total number of distances is (g) but some distance may repeat.
The question is, how often can they repeat?
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Total number of distances and repeated values

@ The total number of distances is (g) but some distance may repeat.

The question is, how often can they repeat?

@ A simple simple example is a straight line with points at
0,1,2,...,n— 1. The distance set is a set
{0,1,...,n—1},

so the number of distinct distances is equal to n.
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Total number of distances and repeated values

@ The total number of distances is (Z) but some distance may repeat.

The question is, how often can they repeat?
@ A simple simple example is a straight line with points at
0,1,2,...,n— 1. The distance set is a set
{0,1,...,n—1},
so the number of distinct distances is equal to n.
@ Does the example above yield the set of size n in R? with the smallest

possible number of distances? The answer turns out to be no, and we
will get back to this subject matter later.
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The most direct possible approach

@ Paul Erdos, as he often did, went about counting distances in the
most direct possible way.
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The most direct possible approach

@ Paul Erdos, as he often did, went about counting distances in the
most direct possible way.

@ Fix a point p € P and draw every possible circle centered at P that
contains at least one point of P. Let's say that we have drawn N
circles.
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The most direct possible approach

@ Paul Erdos, as he often did, went about counting distances in the
most direct possible way.

@ Fix a point p € P and draw every possible circle centered at P that
contains at least one point of P. Let's say that we have drawn N
circles.

o If N is larger than what we are looking for, the game is over because
it gives us N distance from p, hence

#A(P) > N.
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The most direct possible approach

@ Paul Erdos, as he often did, went about counting distances in the
most direct possible way.

@ Fix a point p € P and draw every possible circle centered at P that
contains at least one point of P. Let's say that we have drawn N
circles.

o If N is larger than what we are looking for, the game is over because
it gives us N distance from p, hence

#A(P) > N.

@ But what are we looking for and what if N is smaller than that
number?

Alex losevich (University of Rochester ) Erdos’s square root distance set argument July 21, 2025



Circles centered at a point p

@ Each circle represents all points at a fixed distance from p. The total
number of such circles gives a lower bound on the number of distinct
distances from p.

Figure: Circles centered at p, each containing one or more points from P.
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Running into a wall and reacting properly

@ We still do not know what we want, but let's say that N is too small
for our needs. Let's assume that N is much smaller than n since we
have already seen that we cannot do better than n distinct distances.
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Running into a wall and reacting properly

@ We still do not know what we want, but let's say that N is too small
for our needs. Let's assume that N is much smaller than n since we
have already seen that we cannot do better than n distinct distances.

@ Since there are n — 1 points, excluding p, and there are N circles,
there must exist a rich circle with > ”;Nl points.
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Running into a wall and reacting properly

@ We still do not know what we want, but let's say that N is too small
for our needs. Let's assume that N is much smaller than n since we
have already seen that we cannot do better than n distinct distances.

@ Since there are n — 1 points, excluding p, and there are N circles,

there must exist a rich circle with > ”R,l points.

@ Draw a line through p and cut our rich circle in two halves such that
one side or the other contains > "2;,\,1 points.
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Running into a wall and reacting properly

@ We still do not know what we want, but let's say that N is too small
for our needs. Let's assume that N is much smaller than n since we
have already seen that we cannot do better than n distinct distances.

@ Since there are n — 1 points, excluding p, and there are N circles,

there must exist a rich circle with > ”R,l points.

@ Draw a line through p and cut our rich circle in two halves such that
one side or the other contains > 4

27\,1 points.

@ Choose the "right-most” point on good half of the circle and draw
line segments to the other points on the good half of the circle,
moving from right to left.
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A rich circle and a bisecting line

o If N is small, some circle must contain many points—this is a “rich”
circle.

“Gogd_half”

Figure: Dividing a rich circle into halves. The top half contains many points.
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A rich circle and a bisecting line

o If N is small, some circle must contain many points—this is a “rich”
circle.

@ A line through p can divide it into two halves, with one half still
containing many points.

“Gogd_half”

Figure: Dividing a rich circle into halves. The top half contains many points.
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Circles are good - half-circles are better

@ The distances from the right-most point to the other points on the
half-circle, moving from right to left, keep increasing. How do we
know that?
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Circles are good - half-circles are better

@ The distances from the right-most point to the other points on the
half-circle, moving from right to left, keep increasing. How do we
know that?

@ Without loss of generality, suppose that the left-most point we have
chosen has coordinates (1,0)) and the circle has radius 1. Why is it
legitimate to make these assumptions?
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Circles are good - half-circles are better

@ The distances from the right-most point to the other points on the
half-circle, moving from right to left, keep increasing. How do we
know that?

@ Without loss of generality, suppose that the left-most point we have
chosen has coordinates (1,0)) and the circle has radius 1. Why is it
legitimate to make these assumptions?

@ Moving right along, choose arbitrary points (cos(#1),sin(f1)) and
(cos(62),sin(62)), where 0 < 6; < 7.
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A geometric calculation

@ The distance squared from (1,0) to (cos(f1),sin(61)) is equal to
D? = (1 — cos(61))? + sin?(01) = 2 — 2 cos(b1),
while the distance squared from (1,0) to (cos(62),sin(62)) is equal to

D3 = 42 — 2 cos(6-).
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A geometric calculation

@ The distance squared from (1,0) to (cos(6#1),sin(f1)) is equal to
D? = (1 — cos(61))? + sin®(A1) = 2 — 2 cos(61),
while the distance squared from (1,0) to (cos(62),sin(62)) is equal to

D3 = 42 — 2 cos(6s).

@ We want to show that D? < D3, which amounts to showing that
cos(fz) < cos(01) if 01 < 6,

which is true because the cosine function is decreasing on [0, 7].
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Distances on a half-circle increase

@ The distances from (1,0) to points on the upper half-circle increase
from right to left.

Points on upper semicircle

Figure: Distances from the fixed point (1,0) increase as angle 6 increases.
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Distances on a half-circle increase

@ The distances from (1,0) to points on the upper half-circle increase
from right to left.

@ This is due to cosine decreasing on [0, 7].

Points on upper semicircle

Figure: Distances from the fixed point (1,0) increase as angle 6 increases.
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Drawing conclusions

@ We have just seen that if N is much smaller than n, then

n—1
2N

#A(P) = N, and #A(P) =
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Drawing conclusions

@ We have just seen that if N is much smaller than n, then

n—1
2N

#A(P) = N, and #A(P) >

@ It follows that

(#A(P))? > an1 hence #A(P) > 1/ 7=,
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